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Numerical Investigation of Self-Starting Capability of
Vertical-Axis Wind Turbines at Low Reynolds
Numbers
Hsieh-Chen Tsai∗ and Tim Colonius†
California Institute of Technology, Pasadena, CA 91125, USA
The self-starting capability of a NACA 0018 multi-bladed vertical-axis wind turbine is
numerically investigated. The immersed boundary method is used to simulate the flow
around a two-dimensional cross section of the wind turbine and the predictor-corrector
method is used to couple the equation of motion of the turbine. A simple load model,
which is linearly proportional to turbine angular velocity, is used for the load of the tur-
bine. The angular velocity is characterized as a function of Reynolds number, density
ratio, and viscous coefficient of the proposed load model. The power outputs and moment
coefficients of motor-driven and flow-driven vertical-axis wind turbine are compared. For
a particular Reynolds number, as the load on the flow-driven turbine is increased, the tip
speed is reduced until the turbine fails to coherently rotate. The flow-driven and motor-
driven moment coefficients in the computation have good agreement between each other
and are qualitatively similar to the torque measured in experiments.1 These computations
suggest that the load of a flow-driven turbine can be well-represented by the proposed
load model and a motor-driven turbine can reproduce the physics of a flow-driven turbine
within the range of tip-speed ratio examined. A simple model is proposed in order to ana-
lyze the starting torque. By assuming that the inertia of the blade is much larger than the
fluid, the turbine can be considered stationary in the flow. The starting torque distribution
of a multi-bladed turbine indicates the important orientations corresponding to maximum
torque generation, at which a self-starting turbine always starts, and a stable equilibrium,
where a non-self-starting turbine oscillates. These features agree with observations from
the full simulations of the starting process. We further model the starting torque distribu-
tion by considering a single blade at different orientations, and construct starting torque
distributions for multi-bladed turbines by linearly combining the torques at the respective
positions of the blades. We show that this approximation is valid for a sufficiently low
turbine solidity of about 0.5. Using this model, we find optimal starting configuration for
a multi-bladed low-solidity vertical-axis wind turbine.
Nomenclature
c airfoil chord length
CM moment coefficient
CP power coefficient
F friction coefficient of the load
IO moment of inertia of the blade about the rotation center of the VAWT
Nb number of blades
O turbine rotation center
R radius of the turbine
Re Reynolds Number
t∗ convective time units
U∞ freestream velocity
V volume of the blade
∗Graduate Student, Mechanical Engineering, Student Member AIAA
†Professor, Mechanical Engineering, Associate Fellow AIAA
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x position vector from O to a point in the blade
∆t time step
∆x grid spacing
λ tip-speed ratio
ν dynamic viscosity
ρ fluid density
ρb(x) density of the blade at position x
ρe effective density
Ω angular velocity
φρ density ratio
ψ static pitch angle
σ turbine solidity
τfb moment exerted by the fluid about the turbine rotation center
τL torque generated by a load
θ azimuthal angle
θ0 initial azimuthal angle
Subscripts
avg averaged value
opt optimal value
I. Introduction
Compared to horizontal designs lift-based (Darrieus) vertical-axis wind turbines (VAWT) offer several ad-
vantages including low noise, accessibility, and omni-directionality. However, they also suffer disadvantages
like a lower-efficiency, high cyclic loadings on the supporting structure and the blades, and difficult-to-
self-starting. Researchers like Kirke2 and Pawsey3 has widely discussed and well summarized the relative
strength and weakness of vertical and horizontal-axis wind turbines. Since the capability to start reliably
and without external assistance under a broad range of wind conditions is crucially important to the devel-
opment of practical machines, the present work is focused on investigating the self-starting capability of a
VAWT numerically at low Reynolds number.
The difficulties associated with self starting of a VAWT are well known.2–5 Kirke2 have stated that the
self-starting of VAWT is possible with a careful selection of blade geometry. Dominy et al.6 experimentally
showed that a three-bladed VAWT can self-start even using fixed-geometry, symmetric airfoils, but that
two-bladed designs can only self-start under particular conditions. Hill et al.5 later discussed the physics of
self-starting through a simple numerical model and experiments. Experiments showed that in the tip-speed
ratio history there exists a plateau region with a tip-speed ratio slightly above unity before the VAWT
reaches its operating speed. Based on the forces on a single airfoil fixed at various angles of attack and
Reynolds numbers from the experiments done by Sheldahl and Klimas,7 the model predicted the net torque
over a cycle at various tip-speed ratio and demonstrated two stable equilibria where VAWT can operate.
One of the predicted stable equilibria agreed with the plateau region observed in the experiments. However,
the model was unable to explain the transition from the plateau region to the final operating condition due
to the lack of the interaction between the blades or dynamic stall. Untaroiu et al.8 numerically investigated
the self-starting capability of VAWT using URANS at Re ≈ 5 × 105. The method has been demonstrated
to predict terminal operating speed within 12% of the measured value. However, the turbine performance
during the starting, which is important to the study of self-starting problems, was not accurately captured
due to the lack of near-wall and transitional turbulence models.
Several solutions to the starting issue have been suggested regarding the design of the blade. Baker4
recommended several blade designs for VAWT that are favorable for self-starting. Beri and Yao9,10 numeri-
cally investigated the self-starting of VAWT with cambered airfoils and airfoils with modified trailing edge.
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They showed that the VAWT with cambered airfoils has potential to self-start with reduced coefficient of
power and the VAWT with tailing-edge-modified airfoils has better performance in self-starting at lower
tip-speed ratios with normal coefficient of power. Chen and Kuo11 studied the effects of pitch angle and
blade camber on the self-starting. The results show that the maximum root-mean-square moment occurs
at a pitch angle equal to 5◦ outward from the tangential direction for all the blades examined. Moreover,
blades with appropriate camber generate a higher root-mean-square moment at all pitch angles.
We previously numerically investigated the effect of Coriolis forces on dynamic stall in VAWT.12 As
presented in Dunne et al.,13 the computational results have a good agreement with experiments performed
by Dunne and McKeon.14 Current study aims at numerically investigating the self-starting capability of
a VAWT using the immersed boundary projection method.15 In order to explore the parametric space in
relatively short computational time and have more understanding of the physics of self-starting under a
more extreme condition, flows are simulated at low Reynolds numbers and restricted to a two-dimensional
cross section of an otherwise planar turbine geometry. A precise accounting for three-dimensional effects
awaits future simulations. The motion of the VAWT is coupled with the aerodynamic forces exerted on
the blades and a simple load model, which is linearly proportional to the turbine angular velocity, is used.
A three-bladed VAWT with NACA0018 blades is started at various Reynolds numbers and density ratios.
Comparisons of flow-driven and motor-driven VAWT are made with the water-tunnel experiments performed
by Araya and Dabiri1 to validate the load model. A simple quasi-steady model is proposed to analyze the
starting torque of a multi-bladed VAWT. The total torque and blade torque distributions are compared
between VAWT with various number of blades. Based on the torque distributions of a single-bladed VAWT
with various static pitch angles, an optimal pitch distribution is proposed.
II. Simulation setup and numerical method
Figure 1 shows the schematic of a VAWT with three NACA0018 airfoils as blades rotating with an angular
velocity, Ω, about point O in a freestream with velocity, U∞, coming from the left. The azimuthal angle, θ,
is defined as the angle between the black blade and the vertical axis as illustrated and θ0 is the initial value
of the azimuthal angle, i.e., θ0 = θ(t
∗ = 0). In order to simulate the starting of a VAWT, two-dimensional
Figure 1. Schematic of a rotating three-bladed VAWT and the computational domain.
incompressible Navies-Stokes equations are coupled with the equation of the motion of the VAWT:
NbIO
dΩ
dt
= τfb − τL , (1)
where Nb is the number of the blades, IO is the moment of inertia of the blade about the rotation center of
the VAWT, τfb is the moment exerted by the fluid about the rotation center of the VAWT, and τL is torque
generated by a load. The moment of inertia of the blade, IO, is obtained by computing the second moment
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of mass with respect to point O,
IO =
∫
V
ρb(x)|x|2 d3x , (2)
where V is the volume of the blade, x is the position vector from point O to a point in the blade, and ρb(x)
is the density field of the blade. τfb is determined by the aerodynamic forces exerted by the fluid on the
blade, which behavior is complicated due to the inherently unsteady flow around the rotating blades and
strong blade-vorticity interaction in the downwind half of a cycle. In this study, a simple load model:
τL = F Ω (3)
is chosen, where F is the friction coefficient of the load.
Four dimensionless parameters are introduced to systematically investigate the self-starting capability of
a VAWT:
tip-speed ratio: λ =
ΩR
U∞
, (4)
solidity: σ =
Nbc
2piR
, (5)
Reynolds number: Re =
U∞c
ν
, (6)
density ratio: φρ =
ρe
ρ
, (7)
where R is the radius of the VAWT, c is the chord length of the blade, Nb is the number of blades, ν is the
dynamic viscosity of the fluid, ρ is the density of the fluid, and ρe is the effective density of the blade, which
is defined by
ρe =
∫
V
ρb(x)|x|2 d3x∫
V
|x|2 d3x =
IO∫
V
|x|2 d3x . (8)
The radius of the VAWT is fixed at R = 1.5 c in the present study in order to compare with experiments
performed by.1 Therefore, the corresponding solidity is σ = Nb3pi ≈ 0.106 × Nb for VAWT with Nb blades.
From equation (1), we can see that when investigating the self-starting of a VAWT, the tip-speed ratio is a
function of the other three parameters and the friction coefficient of the load, i.e.,
λ = λ(Re, φρ, F, σ) . (9)
Two-dimensional incompressible flows in an airfoil-fixed reference frame are computed with appropriate
forces added to the momentum equation to account for the non-inertial reference frame using the immersed
boundary projection method developed by Colonius and Taira.15 The equation are solved on multiple over-
lapping grids that become progressively coarser and larger (greater extent). Equation (1) is coupled with the
flow using a predictor-corrector method known as Heun’s method. All ensuring computations use a 800×800
grid, which corresponds to ∆x = 0.005. The coarsest grid extends to 128 chord lengths in both the trans-
verse and streamwise directions of the VAWT. The time step, ∆t, is chosen to make Courant-Friedrichs-Lewy
(CFL) number less than 0.4. VAWT are investigated numerically at low Reynolds number, Re ∼ O(103),
in order to have more understanding of the starting of a VAWT in relatively short computational time.
Although density ratio of the real VAWT is of O(10), VAWT with low density ratios, φρ ∼ O(1), are inves-
tigated in order to explore the effect of density ratio on the starting of a VAWT at low Reynolds number.
III. Results
A. Starting of a VAWT at various Reynolds numbers and density ratios
We begin with starting a three-bladed VAWT with φρ = 1 and F = 0 from θ0 = 0
◦ at Re = 500, 1000, 1500,
and 2000. Figure 2 shows the histories of the tip-speed ratio, which serves as the non-dimensionalized angular
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velocity, and the azimuthal angle. First, from figure 2(a), there exists a critical Reynolds number between
1000 and 1500 below which the VAWT does not start itself. Second, θ0 = 0
◦ does not seem to be a favorable
orientation for starting. At the beginning of the simulation, VAWT initially rotates in the opposite direction
(clockwise) and then starts to rotate in the counter-clockwise direction, which is the correct direction given
the orientation of the blades. Most interestingly, indicated by the dashed magenta and black lines in figure
2(b), we can see that the onset of counter-clockwise rotation commences when one of the blades is around
θ = 60◦. On the other hand, VAWT that are unable to self-start oscillate around an equilibrium orientation
with one of the blades is about θ = 105◦, which is indicated by the dashed blue and red lines in figure 2(b)..
Further analysis on these behaviors using the starting torque are shown in section III.C.
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(a) Tip-speed ratio history.
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(b) Azimuthal angle history.
Figure 2. Histories of the tip-speed ratio and the azimuthal angle of a VAWT with φρ = 1 and F = 0 starting
from θ0 = 0◦ at Re = 500, 1000, 1500, and 2000.
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(a) Tip-speed ratio history.
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(b) Azimuthal angle history.
Figure 3. Histories of angular velocity and azimuthal angle of VAWT with F = 0 and φρ = 1, 2, 3, and 4
starting from θ0 = 60◦ at Re = 2000.
We further investigate the three-bladed VAWT with F = 0 and φρ = 1, 2, 3 and 4 starting from θ0 = 60
◦
at Re = 2000. Figure 3 shows the corresponding tip-speed ratio and azimuthal angle histories. From figure
3(b), we can see that when starting from θ0 = 60
◦, VAWT that are able to self-start will rotate in the
correction direction from the beginning. From figure 3(b), we observed a critical density ratio between 3 and
4 that VAWT with density ratio higher than the critical value is not able to self-start at Re = 2000. When
VAWT are able to self-start, VAWT with a lower density ratio reach stationary state faster but with a larger
fluctuation in tip-speed ratio due to lower moment of inertia. Nevertheless, after they reach stationary state,
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the average tip-speed ratio of each VAWT are roughly the same. This fact indicates the averaged properties
of the stationary state depend mainly on Reynolds number but not density ratio.
B. Flow-driven VAWT and the comparison with motor-driven VAWT
Based on the discussions in section III.A, the angular velocity of a VAWT driven by the flow, which can
be characterized as a function of Reynolds number and density ratio, is determined by the aerodynamic
forces exerted on the blades as in the field. However, prescribing the motion of a VAWT within a flow is
common among both experimental and numerical investigations. In this section, we numerically investigate
the difference between flow-driven and motor-driven VAWT by comparing power coefficients of flow-driven
and motor-driven three-bladed VAWT. Moment coefficients are qualitatively compared with the torque of
flow/motor-driven VAWT measured from experiments performed by Araya and Dabiri.1 The experiments
were performed in a water tunnel at Reynolds numbers of 104 and the setup of experiments are described in
more detail in Araya and Dabiri.1
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−1
0
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λavg = 1.08
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Motor-driven
Flow-driven with F = 0
(a) F = 0.
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(b) F = 0 and F = 0.1.
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(c) F = 0 and F = 0.2.
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C
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Flow-driven with F = 0
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(d) F = 0 and F = 1.0.
Figure 4. Comparisons of power curves of a three-bladed VAWT motor-driven at various tip-speed ratios and
flow-driven with φρ = 1 and various friction coefficients at Re = 2000.
Figure 4 shows the comparison of the power coefficients of a motor-driven VAWT at various tip-speed
ratios and flow-driven VAWT with different friction coefficients at Re = 2000. In each subfigure, we show the
motor-driven power coefficient in black with the error bar showing the corresponding fluctuation in power
coefficient at that tip-speed ratio and the power coefficient of a flow-driven VAWT with F = 0 over three
cycles in green. In figures 4(b), (c), and (d), the power curves of flow-driven VAWT with F = 0.1, 0.2,
and 1.0 are shown in purple, respectively. The motor-driven power coefficient curve shows two equilibria at
λ ≈ 0.7 and λ ≈ 1.1 where the VAWT generates zero power. Since the slope of the power coefficient curve
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is negative at λ ≈ 1, it is a stable equilibrium. As expected, the flow-driven VAWT with F = 0 generates
almost zero power and is just free-spinning at an averaged tip-speed ratio λavg ≈ 1.08. As F increases, if
the VAWT is able to rotate continuously, it operates at a lower averaged tip-speed ratio and generates a
higher averaged power as shown in figures 4(b) and 4(c). However, when F is too large, say, F = 1.0, the
VAWT is unable to sustain rotation and the power output goes to zero as the turbine oscillates about a
stable equilibrium with λ ≈ 0 as shown in figure 4(d).
Figure 5. Measured torque for flow-driven (black) and motor-driven (green) cases. Error bars represent an
estimate of one standard deviation in measurement error. A fourth-order polynomial is fit to the motor-driven
points. Figure reproduced from Araya and Dabiri.1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2−2.5
−2
−1.5
−1
−0.5
0
0.5
1
λ
C
M
 
 
flow-driven
motor-driven
Figure 6. Moment coefficients for flow-driven (black) and motor-driven (green) cases. Error bars represent
one standard deviation. A fourth-order polynomial is fit to the motor-driven points.
Figure 5, reproduced from Araya and Dabiri,1 presents turbine shaft torque measurements for a fixed
Re = 2.6 × 104 and λ ranging from approximately 0.9-2.8. There is qualitative agreement in the trend of
the measured torque for similar flow-driven and motor-driven cases. Figure 5 also points out the theoretical
limit of tip-speed ratio below which the difference between flow-driven and motor-driven wakes is minimal.
Similarly, in figure 6, we show the moment coefficients of flow-driven cases with F = 0, 0.1, and 0.2 and
motor-driven cases for λ ranging from 0.4-2.0 at Re = 2000. The flow-driven and motor-driven moment
coefficients in the computation have good agreement between each other and similar behaviors to the torque
for flow-driven and motor-driven VAWT measured in the experiments. These suggest that our load model is
sufficient to represent the load of a flow-driven VAWT and a motor-driven VAWT can reproduce the physics
of a flow-driven VAWT at Re = 2000 when λ is ranging from 0.4-2.0.
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C. Analysis on the starting torque of a three-bladed VAWT
The starting torque of a VAWT with various initial orientations are hard to compare directly due to their
different rates of rotational acceleration. Therefore, we propose a simple model to analyze the starting
torque. Consider the limit where the inertia of the VAWT is much larger than the inertia of the fluid so that
the VAWT is barely rotating during starting. We can then treat the starting torque as the torque acting on
a VAWT fixed in the flow.
We first simulate the flow past a three-bladed VAWT fixed at every five degrees. The flows start impul-
sively and the early torque distribution at t∗ = 1, which has not been affected by vorticity-blade interaction,
is shown in the red curve in figure 7(a). Only the torques between 0◦ and 120◦ are shown for convenience
because of the symmetry. The maximum of averaged torque occurs around θ0 = 60
◦, which explains why
θ0 = 60
◦ is a favorable orientation to start a three-bladed VAWT. Two equilibria where the torque is equal
to zero are found at θ0 = 15
◦ and θ0 = 105◦. The equilibrium at θ0 = 105◦ is stable because the curve has
a negative slope. As the VAWT slowly rotates away from θ0 = 105
◦, the torque becomes stronger and pulls
the VAWT back to the stable equilibrium. With similar arguments, equilibrium at θ0 = 15
◦ is unstable,
i.e., as the VAWT slowly rotates away from θ0 = 15
◦, the increasing torque pushes the VAWT further away.
Therefore, as shown in figure 2(b), VAWT that are not able to self-start oscillate around θ0 = 105
◦.
Shown in figure 7(b), we investigate the contributions of the torque from each blade to the starting
torque for a three-bladed VAWT. For example, when VAWT is at θ0 = 30
◦, its three blades are at θ0 = 30◦,
θ0 = 150
◦, and θ0 = 270◦. We plot the torque from each blade at the corresponding azimuthal angle in
figure 7(b). These torque distributions of the blades are compared with the starting torque of a single-bladed
VAWT. We can see that the torque distribution from each blade is close to that of a single-bladed VAWT
except for a small difference in the downwind region (180◦ ≤ θ0 ≤ 360◦). Due to the similarity of the torque
distribution from each blade, the starting torque of a three-bladed VAWT can be well-reconstructed from the
single-bladed torque distribution. The starting torque at a certain orientation is reconstructed by linearly
combining the torques at the respective position of the blades. For instance, the torque of a three-bladed
VAWT at θ0 = 30
◦ can be reconstructed by adding the single-bladed torques at θ0 = 30◦, θ0 = 150◦,
and θ0 = 270
◦. The black curve in figure 7(a) shows the reconstruction of the torque distribution from the
single-bladed torque distribution obtained from figure 7(b) (black curve). We can see that the reconstruction
retains all important features of the three-bladed starting torque. The largest difference occurs at where the
VAWT generates largest torque (θ0 = 60
◦).
0 30 60 90 120−1
−0.5
0
0.5
1
1.5
2
2.5
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◦)
C
M
 
 
 1 blade reconstruction
 3 blades
(a) Total torque.
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−0.5
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M
 
 
 1 blade
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(b) Torque on each blade.
Figure 7. Torque distribution of a three-bladed VAWT at t∗ = 1 and Re = 2000.
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D. The starting torque distribution of a multi-bladed VAWT
In order to investigate the effect of solidity on the starting torque, we investigate the torque of a multi-bladed
VAWT fixed in the flow at various initial orientations as discussed in section III.C. Figure 8 shows the start-
ing torques of VAWT with two to eight blades at t∗ = 1 and Re = 2000. The torques of the multi-bladed
VAWT with Nb blades are shown only between 0
◦ and
(
360
Nb
)◦
due to the symmetry. The range of initial
orientations that generate a positive torque increase as the number of the blades increases. VAWT with
more than three blades generate positive torque at all initial orientations. Moreover, we can again observe
that stable equilibria for two and three-bladed VAWT exist around θ0 = 115
◦ and 105◦, respectively. Two,
three, four, five, six, and eight-bladed VAWT generate the highest torques around θ0 = 55
◦, 60◦, 20◦, 30◦,
20◦, and 0◦, respectively, which indicate the optimal orientations for starting.
Similarly, we also investigate the contributions of the torque from each blade to the starting torque for
multi-bladed VAWT. These torque distributions of the blades are compared with the starting torque of
a single-bladed VAWT in figure 8(b). When the solidity is lower than 0.5, the torque distribution from
each blade is close to one of a single-bladed VAWT except for a small difference in the downwind region
(180◦ ≤ θ0 ≤ 360◦), highlighting the lack of vorticity-blade interactions amongst the different blades at early
times. The average value of the torques over a cycle labelled in figure 8 increases as the number of the blades
increases. However, when the solidity is larger than 0.5, the torque distribution from each blade is different
from one of a single-bladed VAWT. As the number of the blades increases, the discrepancy in the torque
distribution increases and the average value of the torques over a cycle may decreases.
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(a) Total torque.
0 30 60 90 120 150 180 210 240 270 300 330 360−2
−1.5
−1
−0.5
0
0.5
1
1.5
2
2.5
← b1 →← b2 →
← b1 →← b2 →← b3 →
← b1 →← b2 →← b3 →← b4 →
← b1 →← b2 →← b3 →← b4 →← b5 →
← b1 →← b2 →← b3 →← b4 →← b5 →← b6 →
← b1 →← b2 →← b3 →← b4 →← b5 →← b6 →← b7 →← b8 →
θ0 (
◦)
C
M
 
 
 1 blade
 2 blades
 3 blades
 4 blades
 5 blades
 6 blades
 8 blades
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Figure 8. The torque distributions with σ ≈ 0.106 (1 blade), 0.212 (2 blades), 0.318 (3 blades), 0.424 (4 blades),
0.637 (6 blades), and 0.848 (8 blades) at t∗ = 1 at Re = 2000.
E. Effect of the static pitch angle on the single-bladed torque distribution
We showed in sections III.C and III.D that the multi-bladed starting torque can be well reconstructed from
the single-bladed torque distribution when the solidity is lower than 0.5. Here we investigate the extent to
which the static pitch angle can be changed to optimize the starting torque. As illustrated in figure 9(a),
a constant static pitch angle is applied to the blade and the torque distribution changes correspondingly.
The constant static pitch angle, ψ, is zero in the tangential direction, positive when the blade is rotated
counter-clockwise to the turbine’s center. Once the optimal static pitch angles at various azimuthal angles
are obtained, the optimal starting configuration for a multi-bladed VAWT can be determined by pitching
the blades with their own optimal static pitch angles as shown in figure 9(b).
The single-bladed torque distributions with various constant static pitch angles are examined in figure
10(a). The black dashed curve is the single-bladed torque distribution with zero pitch angle. The red and
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ψ
θ0
U∞
(a) A single-bladed VAWT with a static
pitch angle.
ψ1 = ψopt(θ0)
ψ2 = ψopt(θ0 + 120
◦)
ψ3 = ψopt(θ0 + 240
◦)
θ0
U∞
(b) Reconstructing the optimal three-bladed
torque distribution from single-bladed results.
Figure 9. Single and three-bladed VAWT with static pitch angle(s).
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ψ = −54◦
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(a) Torque distributions with various static pitch angles (blue,
black, and red curves) and the optimal torque distribution
(green curve).
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(b) The optimal static pitch angles.
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optimal pitch angles
zero pitch angles
(c) Three-bladed torque distribution reconstructed
by optimal single-bladed torque distribution.
Figure 10. Torque distributions of a single-bladed VAWT with various static pitch angles, the optimal static
pitch angles, and the corresponding reconstruction of the three-bladed torque distribution.
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ψ1 = 9
◦
θ0 = 0
◦
ψ2 = −69◦
ψ3 = 65
◦
U∞
(a) θ0 = 0◦.
ψ1 = −5◦
θ0 = 30
◦
ψ2 = −89◦
ψ3 = 45
◦
U∞
(b) θ0 = 30◦.
ψ1 = −25◦
θ0 = 60
◦
ψ2 = 70
◦
ψ3 = 27
◦
U∞
(c) θ0 = 60◦.
ψ1 = −45◦
θ0 = 90
◦
ψ2 = 80
◦
ψ3 = 10
◦
U∞
(d) θ0 = 90◦.
Figure 11. A three-bladed VAWT with optimal static pitch angles fixed at θ0 = 0◦, 30◦, 60◦, and 90◦.
blue curves correspond to positive and negative pitch angles, respectively. We can see that at any initial
azimuthal angle, there exists an optimal static pitch angle that generates the highest torque. The torque
distribution corresponding to these highest (optimal) torques is the upper envelope of these curves and is
shown as the green curve in figure 10(a). The corresponding optimal static pitch angles are shown in figure
10(b). The optimal three-bladed torque distribution can be reconstructed from the results shown in figure
10(a) using the procedure already illustrated in figure 9(b). For example, when a three-bladed VAWT is at
θ = θ0, its three blades are at θ = θ0, θ0 + 120
◦, and θ0 + 240◦. The optimal static pitch angles can be found
from figure 10(b). We then sum up the torques at those azimuthal angles with their own optimal static pitch
angles from figure 10(a). The resulting torque distribution is shown in the green curve in figure 10(c) and
compared with the three-bladed torque distribution reconstructed from the single-bladed, zero pitch angles
result. We can see that the three-bladed torques with optimal static pitch angles are positive and much
higher than with zero pitch angles at all orientations. Moreover, figure 11 shows a three-bladed VAWT with
optimal static pitch angles at θ0 = 0
◦, 30◦, 60◦, and 90◦ to give an idea how we can produce the largest
torque at those orientations.
IV. Conclusions
The starting capability of a VAWT was numerically investigated by simulating the flow around a free-
to-rotate three-bladed VAWT. The predictor-corrector method was used to couple the motion of the VAWT
with the aerodynamic forces exerted on the blade and shaft torque generated by a load. A simple load model,
which is linearly proportional to turbine angular velocity, was used. Tip-speed ratio, which is associated with
the angular velocity of the VAWT, was characterized as a function of Reynolds number and density ratio.
Simulations showed that there exists a critical Reynolds number below which the VAWT cannot start itself.
Flow at a higher Reynolds number drives the VAWT to rotate faster. At the same Reynolds number, VAWT
with a density ratio lower than the critical value is capable of self-starting. A smaller density ratio results
in a shorter time needed for VAWT to reach the stationary state but a larger fluctuation in angular velocity
due to a smaller moment of inertia. Moreover, the averaged properties of the stationary state depend mainly
on the Reynolds number but not on the density ratio.
The power outputs and the moment coefficients of motor-driven and flow-driven VAWT were compared.
The flow-driven power coefficients lie within the power fluctuations of a motor-driven turbine at various
tip-speed ratios. With a larger friction coefficient, the VAWT generates a higher averaged power output
but operates at a lower averaged tip-speed ratio until the friction coefficient is too large for a VAWT to ro-
tate at Reynolds number examined. Moreover, the flow-driven and motor-driven moment coefficients in the
computation have good agreement between each other and are qualitatively similar to the torque measured
in experiments performed by Araya and Dabiri.1 These computations suggest that the load of a flow-
driven VAWT can be well-represented by the proposed load model and within the range of tip-speed ratio
examined, a motor-driven VAWT can reproduce the physics of a flow-driven VAWT at low Reynolds number.
A simple model was proposed in order to analyze the starting torque of VAWT. The inertia of the blade
is assumed to be much larger than the fluid, i.e., φρ  1, so that the VAWT barely rotates and can be
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considered fixed in the flow. Analysis of the starting torque at early time indicates the two important
orientations associated with the starting of a VAWT: orientation corresponding to the largest torque gen-
eration, at which a self-starting turbine always starts, and a stable equilibrium, where a non-self-starting
turbine oscillates. These features agree with observations from the full simulations of the starting of a VAWT.
The effect of turbine solidity on the starting torque and the contribution to the starting torque from
each blade for a multi-bladed VAWT were investigated. When solidity is smaller than 0.5, the averaged
starting torque over a cycle increases with solidity due to a growing range in generating positive starting
torque and the multi-bladed torque distribution from each blade is close to the single-bladed one. The total
torque distribution reconstructed from the single-bladed torque distribution retains important features. On
the other hand, when solidity is above 0.5, the discrepancy between single and multi-bladed blade torque
distributions grows and the averaged total torque over a cycle decreases as solidity increases. Therefore, for a
sufficiently low turbine solidity of about 0.5, the starting torque distribution can be modeled by considering
a single blade at different orientations and constructed for multi-bladed turbines by linearly combining the
torques at the respective positions of the blades. The torque distributions of the single-bladed VAWT with
various static pitch angles were then investigated. An optimal pitch distribution was determined by the pitch
angles that maximize the torque generation at individual orientation. Using this model, we found optimal
starting configuration for a multi-bladed low-solidity VAWT.
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